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AN EXAMPLE OF BIRATIONALLY INEQUIVALENT PROJECTIVE
SYMPLECTIC VARIETIES WHICH ARE D-EQUIVALENT AND
L-EQUIVALENT
SHINNOSUKE OKAWA
Abstract. We give an example of a pair of projective symplectic varieties in arbitrarily
large dimensions which are D-equivalent, L-equivalent, and birationally inequivalent.
1. Introduction
It is widely believed that the bounded derived category of coherent sheaves D (X) =
Db cohX is a fundamental invariant of a smooth projective variety X . It is hence natural
to ask which kind of information of the variety X can be regained from the triangulated
category D (X).
The Grothendieck ring of varieties, which will be denoted by K0 (Var) in this paper,
is the quotient of the free abelian group generated by the set of isomorphism classes of
schemes of finite type over the fixed base field k modulo the relations
[X ] = [X \ Z] + [Z] (1.1)
for closed embeddings Z ⊂ X. Multiplication in K0 (Var) is defined by the Cartesian
product, which is easily seen to be associative, commutative, and unital with 1 = [Speck].
The localized Grothendieck ring of varieties K0 (Var) [L
−1] is the localization of K0 (Var)
by the class L = [A1] of the affine line.
A pair (X, Y ) of smooth projective varieties are said to be D-equivalent if they have
equivalent derived categories. Similarly, they are said to be L-equivalent if they satisfy
the following equivalent conditions.
[X ] = [Y ] ∈ K0 (Var) [L
−1] ⇐⇒ Lm · ([X ]− [Y ]) = 0 ∈ K0 (Var) ∃m ∈ N (1.2)
It is asked independently in the first preprint versions of [KS17] and [IMOU16] if D-
equivalence should imply L-equivalence. This is motivated by the first such example
found in [Bor] [Mar16] and the other examples discovered in [IMOU] (the D-equivalence
is shown later in[Kuz16]), [KS17], and [HL16] [IMOU16]. In addition, more supporting
evidences have been discovered in the works [BCP17], [KR17], [Man17], and [KKM17]. In
fact, all known examples are pairs of simply connected Calabi-Yau varieties with h2,0 = 0
or K3 surfaces. On the other hand, it is shown in [IMOU16] and [Efi17] that the pair of an
abelian variety of dimension at least two and its dual is a counter-example to the question
as soon as the endomorphism ring of the abelian variety is isomorphic to Z. Taking these
counter-examples into account, the simply-connectedness is assumed in [KS17, Conjecture
1.6]. [IMOU16, Section 7] instead proposes to modify the Grothendieck ring of varieties
suitably.
The aim of this paper is to give a first example of a pair of projective symplectic varieties
which are both D-equivalent, L-equivalent, and birationally inequivalent in arbitrarily
large dimension. Let X be a projective K3 surface. It is well known by [Fog73] that the
1
Hilbert scheme X [n] of n points on X , which very roughly is described as
X [n] = {I ⊂ OX | dimkOX/I = n} , (1.3)
is a smooth projective symplectic variety of dimension 2n. It is simply connected and
satisfies h2,0 (X) = 1. Below is the main result of this article.
Theorem 1.1. Let (X, Y ) be a non-isomorphic pair of K3 surfaces of Picard number 1
and of degree 2dX, 2dY respectively which are both D-equivalent and L-equivalent. Then
X [n] and Y [n] are D-equivalent, L-equivalent, and birationally inequivalent if either
(1) dX 6= dY or
(2) dX = dY , n > 2, and there exists an integer solution to the following Pell’s equation.
(n− 1)X2 − dXY
2 = 1 (1.4)
Remark 1.2. It follows either from [HL16, Theorem 4.1] or [IMOU16, Theorem 1.3] that
if X is a very general K3 surface of degree 12 (i.e., dX = 6) and Y is the Fourier-Mukai
partner of X (dY = 6), then X and Y are L-equivalent. Hence, e.g., if n = 6y
2 + 2 for
some positive integer y, the assumption (2) is satisfied by the obvious solution (X, Y ) =
(1, y). Hence we do have an example as in Theorem 1.1 for n = 6y2 + 2 (y = 1, 2, . . .) =
8, 26, 56, . . . .
In fact, as we mention in the next remark, one can determine if X [n] and Y [n] are
birationally equivalent or not by checking the existence of solutions to certain set of Pell’s
equation. Hence for those n where the birationality holds, we do not have an example in
dimension 2n yet. Note, however, if there is a Fourier-Mukai pair (X, Y ) of K3 surfaces
of Picard number one which are L-equivalent and dX 6= dY , then by Theorem 1.1 we can
construct examples for every n.
Remark 1.3. In the recent preprint [MMY18], the authors gave a criterion for the
birationality of the Hilbert schemes of points X [n] and Y [n] on K3 surfaces X, Y of Picard
number one. In [MMY18, Proposition 1.2] they apply the criterion to the pair (X, Y )
which appeared in the previous remark, to construct examples of pairs of Hilbert schemes
of points which are D-equivalent and birationally inequivalent. They in particular show
that X [n] and Y [n] are birationally equivalent to each other for some n, starting with
n = 2, 3, 4, 10, 12, 14, 15, 18, 20, . . . . In fact, they are even isomorphic to each other for
n = 2 and 3 as shown in [Yos01, Example 7.2].
The proof of Theorem 1.1 is given in the next section. In fact the D-equivalence is
nothing but [Plo07, Proposition 8], which in turn is an application of [BKR01]. The
L-equivalence immediately follows from the description of the generating series of the
Hilbert scheme of points on a smooth quasi-projective variety Z as the (L− dimZ [Z])-th
(!) power of the generating series for AdimX due to [GZLMH06]. In order to show the
birational inequivalence of X [n] and Y [n], we use the very detailed description of the
movable cone of X [n] due to [BM14]. This is the only place where we use the assumption
on the Picard number and the degrees, and will be discussed in Proposition 2.2.
Throughout this paper the base field k will be the field of complex numbers C. Varieties
are always assumed to be connected.
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2. Proof of Theorem 1.1
Let (X, Y ) be a pair of smooth projective surfaces which are both D-equivalent and
L-equivalent. Then
(
X [n], Y [n]
)
is a pair of smooth projective 2n-folds by [Fog68], which
are also D-equivalent by [Plo07, Proposition 8]. On the other hand, one can show the
L-equivalence as follows. This is essentially due to [GZLMH06], and it applies to smooth
quasi-projective varieties of arbitrary dimension. In the proof we consider the generating
series of the Hilbert scheme, which is defined for an arbitrary variety Z as follows.
HZ(T ) :=
∞∑
n=0
[
Z [n]
]
T n = 1 + [Z]T + · · · ∈ 1 + T ·K0 (Var) JT K. (2.1)
Lemma 2.1. Let (X, Y ) be a pair of L-equivalent smooth quasi-projective varieties. Then(
X [n], Y [n]
)
also is a pair of L-equivalent varieties.
Proof. Let m be a natural number such that
L
m · ([X ]− [Y ]) = 0 ⇐⇒ Lm · [X ] = Lm · [Y ] ∈ K0 (Var) . (2.2)
Since both Lm · [X ] and Lm · [Y ] are primitive elements in the sense of [Yas03, Definition
1.1], their dimensions are well-defined and the same. Hence we see dimX = dimY .
By [GZLMH06, COROLLARY], for any smooth quasi-projective variety Z there is an
equality
HZ(T ) = (HAdimZ(T ))
L− dimZ [Z] ∈ K0 (Var)
[
L
−1
]
JT K (2.3)
(see [GZLMH06] and references therein for the notion of the power structure of K0 (Var)).
Combining it with the assumption
[X ] = [Y ] ∈ K0 (Var)
[
L
−1
]
, (2.4)
we obtain the following sequence of equalities.
HX(T ) = (HAdimX (T ))
L− dimX [X] = (HAdimY (T ))
L− dimY [Y ] = HY (T ) ∈ K0 (Var)
[
L
−1
]
JT K.
(2.5)
Comparing the coefficients of T n, we obtain the L-equivalence of X [n] and Y [n]. 
Let us now specialize to the pair (X, Y ) as in Theorem 1.1. In the rest we assume
n ≥ 2 (for the case n = 1 being trivial). Since we assumed that X is of Picard number
1, we can and will use the results in [BM14, Section 13] to understand the movable cone
of X [n].
Proposition 2.2. Let X and Y be a pair of non-isomorphic K3 surfaces of Picard number
1 and of degree 2dX , 2dY respectively. Then X
[n] and Y [n] are not birationally equivalent
if either
(1) dX 6= dY or
(2) dX = dY , n > 2, and there exists an integer solution to the following Pell’s equation.
(n− 1)X2 − dXY
2 = 1 (2.6)
Proof. Let us briefly recall the results in [BM14, Section 13]. The Picard group Pic
(
X [n]
)
is freely generated by the two divisors H˜ and B, where H˜ is the pull-back of the ample
generator of Pic (SymnX) by the Hilbert-Chow morphism, and B is the half of the
exceptional divisor. Moreover there exists a primitive embedding
Pic
(
X [n]
)
→֒ H∗ (X,Z) , (2.7)
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where H∗ (X,Z) = H0 (X,Z) ⊕ Pic (X) ⊕H4 (X,Z) is the Mukai lattice of X equipped
with the Mukai pairing
(r, L, s) · (r′, L′, s′) = LL′ − rs′ − sr′ ∈ Z. (2.8)
The embedding is an isometry with respect to this pairing and the Beauville-Bogomolov-
Fujiki form q on Pic
(
X [n]
)
, and the embedding sends H˜ to (0,−H, 0) andB to (−1, 0, 1− n).
As explained in [BM14, Proposition 13.1], there are three possibilities (a), (b), and (c)
for the two extremal rays of the movable cone Mov
(
X [n]
)
. In any case, one of the rays is
spanned by the primitive vector H˜ corresponding to the Hilbert-Chow morphism.
Suppose for a contradiction that there exists a birational map ϕ : X [n] 99K Y [n]. Since
both X [n] and Y [n] are smooth and have trivial canonical bundles, ϕ is an isomorphism
in codimension one. Hence by [Huy99, Lemma 2.6] it induces an isometry
ϕ∗ :
(
Pic
(
X [n]
)
, qX
)
∼
−→
(
Pic
(
Y [n]
)
, qY
)
, (2.9)
which by its construction also respects the movable cones. In particular ϕ−1
∗
sends the
base point free divisor H˜Y , the primitive ample divisor on Y
[n] corresponding to the
Hilbert-Chow morphism of Y , to either
(i) H˜ or
(ii) the primitive generator of the other extremal ray ρ of Mov
(
X [n]
)
.
In the case (i), the birational map ϕ respects the exceptional divisors of the Hilbert-
Chow morphisms of X and Y . Hence by [Deb84, Theorem 2.1], ϕ should be induced
from an isomorphism from X to Y (note that any birational map between X and Y is
an isomorphism). Since X and Y are not isomorphic to each other by the assumption,
this is a contradiction.
In the rest of the proof we assume (ii) and show that we end up with a contradiction,
to conclude that Y [n] is birationally inequivalent to X [n]. Let us now assume
dX ≥ dY (2.10)
without loss of generality.
In the case (a), ρ corresponds to the (rational) Lagrangian fibration of X [n]. Hence
this case can not occur under our assumptions.
In the case (b), ρ is spanned by the integral divisor
x1 (n− 1) H˜ − dXy1B, (2.11)
where x1, y1 > 0 is the integer solution of the Pell’s equation (2.6) with the smallest x1.
It is easy to see that gcd (x1 (n− 1) , dXy1) = 1, since otherwise (x1, y1) can not be a
solution of (1.4). Hence (2.11) is the primitive generator of ρ. Now since (2.9) is an
isometry, we obtain the following equality.
2dY = qY
(
H˜Y , H˜Y
)
= qX
(
x1 (n− 1) H˜ − dXy1B, x1 (n− 1) H˜ − dXy1B
)
=
(x1)
2 (n− 1)2 (2dX)− (dX)
2 (y1)
2 (2 (n− 1))
= 2dX (n− 1)
(
(n− 1) (x1)
2 − dX (y1)
2) = 2dX (n− 1) . (2.12)
For the last equality, we use that (x1, y1) is a solution of the Pell’s equation (2.6). Since
it follows from (2.10) that 2dX (n− 1) ≥ 2dY , we should have n = 2 and dX = dY . This
contradicts both of the assumptions (1) and (2). Since the existence of a solution to the
Pell’s equation is assumed in the case (2), here we conclude the proof in that case because
of the trichotomy in [BM14, Proposition 13.1].
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Finally, suppose that we are in the case (c) under the assumption (1). Then ρ is
spanned by the integral divisor
x′1H˜ − y
′
1dXB, (2.13)
where x′1, y
′
1 is the integer solution of the Pell’s equation
X2 − dX (n− 1)Y
2 = 1 (2.14)
with the smallest
y′
1
x′
1
> 0. One can easily check as in the case (b) that (2.13) is the
primitive generator of ρ. Thus we obtain the following contradiction.
2dY = qY
(
H˜Y , H˜Y
)
= qX
(
x′1H˜ − y
′
1dXB, x
′
1H˜ − y
′
1dXB
)
= 2dX . (2.15)

Remark 2.3. If dX = dY and there is no solution to the Pell’s equation (2.6), then we
are in the case (c) but get no contradiction. In fact this does occur, e.g., when n = 3 and
(X, Y ) is a Fourier-Mukai pair of K3 surfaces of degree 12 as mentioned in Remark 1.3.
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